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Abstract:

In this paper, we introduce the concept of graded 5§ —multiplication modules which are a
generalization of graded multiplication modules. Several results concerning graded 5§ —multiplication
modules are proved. We study graded 5 —prime submodules in graded 5 —multiplication modules.
Also, we generalize prime avoidance lemma for multiplication modules to graded 5§ —multiplication
modules. We characterize graded multiplication modules in terms of graded 5 —multiplication
modules.
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will be given. Section 4 concerns the

1 Introduction conclusion.

Graded ring theory plays an important 2 Preliminary Notes
role in commutative algebra. Graded rings
contribute to the development of algebra In this section we state some basic
applications in algebraic geometry, functional concepts and results related to graded ring
analysis and theoretic physics. Recently, theory. We hope that this will improve the
extensive researches have been done on rings readability and understanding of this paper.
with group-graded structure, see for example
[1, 2, 3, 10, 11, 14]. The notion of graded Definition 2.1 [12] Let G be a group
multiplication modules was studied by many with identity e and R a commutative ring with
authors, see for examp|e [4' 6, 9, 17] The identity 1R' Then, R is said to be a G —graded
motivation of writing this paper is two folded: ring if there exist additive subgroups R, of R

(i) To extend the concept of graded indexed by elements g €  such that
multiplication modules to the concept of R=@,.;R,andR_R, S R_, forall
graded § —multiplication modules. g.h € G.IfR_R, =R_,, thering is called

(if) To determine when a graded strongly graded ring.
module is graded 5 —multiplication modules. Consider
The remains of this paper is organized as supp(R) = {g € G:R, = 0}. An element x of
follows: R has a unique decompositionasx = X__. x,

Section 2 concerns some basic forall g € G. Also, we write h(R) = U,_¢ R,

definitions and results in the sequel of this
paper. In section 3, the main results
concerning graded 5 —multiplication modules

Moreover, R, is a subring of R and 1; € R,. If

an element of R belongs to h(R), then it is

called homogeneous and any element x_, € R,
22
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is said to have degree g.

Definition 2.2 [12] letR =@, . R,
be a G —graded ring. An ideal I of R is said to
be a graded ideal of R if I =B, (IN R,).

Clearly, &,.-(IN R,)S I and
hence I is a graded ideal of R if
IS@E, .- (IN R,). Moreover R/I becomes

a G —graded ring with g —component
(R/I), = (R, +1I)/Iforg € G.

Definition 2.3 [12] Let R be a
G —graded ring and M an B —module. We say
that M is a graded R —module if there exists a
family of subgroups {M_} . - of M such that
M =€B_ . ;- M_ (as abelian groups) and
R M, S M_ forallg,h € G.IfR_ M, =M_,
the R —mould M s called strongly graded
R —module.

Consider
supp(M)={g € G:M_ + 0}. Here R_M,
denotes the additive subgroups of M consisting
of all finite sums of elements r, 5, withr, € R,
and s, € M,,. Also, we write
h(M) =U_. . M_. If an element of M belongs
to h(M), then it is called homogeneous and
any element x_ € M_ is said to have degree g.
It is clear that M_ is an R, —submodule of M
forallg € G.

Definition 2.4 [12] Let M =@, . o M,
be a G —graded R —module and N a
submodule of M. Then, N is said to be a graded
submodule of M if N =B . N, where
N, =N M, forg € G.Inthiscase, N_is
called the g —component of N for g € G.
Moreover, M /N becomes a G —graded module
with g —component (M /N)_ = (M, + N)/N
forg € G.

Definition 2.5 [15] Let I be a graded

ideal of a G —graded ring R. Then, I is said to
be a graded prime ideal if I = R; and

23

whenever ab € I, wehavea € Torb € I,
where a,b € h(R).

Definition 2.6 [5] Let R be a
G —graded ring and M a graded R —module. A
graded submodule N of M is said to be a
graded prime submodule of M if N = M, and
whenever r € h(R)and m € h(M) with
rm € N, then eitherm € Norr € (N:z M).

Definition 2.7 [12] Let R be a
G —graded ring. A nonzero graded R —module
M is said to be a graded prime module if
Anng(M) = Anng (N) for every nonzero
graded submodule N of M.

Definition 2.8 [12] Let R be a
G —graded ring. A nonempty S = h(R) is said
to be a multiplicatively closed subset of R if
(i) 0 € S, (ii) 1 € S, (iif) ab € S forall
a, b E 5.

Definition 2.9 [16] let R be a
G —graded ring, 5 = h(R) a multiplicatively
closed subset of R and M be a graded
R —module. A graded submodule N of M with
(N:g M) S5 = ¢ issaid to be a graded
S —prime submodule of M if there exists a fixed
x E 5such that whenever rm € N for some
r € h(R)and m € h(M), then either
xr € (N:z M) orxm € N. In particular, a
graded ideal P of R is said to be a graded
5 —prime if P is a graded 5 —prime submodule
of M.

Definition 2.10 [12] Let R be a
G —graded ring. A graded R —module M is said
to be graded finitely generated if
M=R, +R, +..+R, forsome
My, M,,...,m, € h(M). M iscalled a graded
cyclic if it can be generated by a single element
i.e., there exists x € h(M) such that M = Rx.

Definition 2.11 [12] Let R be a
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G —graded ring and M,M graded R —modules.
Then, an R —homomorphism f: M — M is said
to be a graded R —homomorphism if for all
m,n e M,

(i) fim+n)= f(m) + f(n);

(it) f(rm) = rf(m) foranyr € R and
m e M,

(iif) f(M,) S M, forall g € G.

Remark 2.12 [13] Llet R be a
G —graded ring, M a graded R —module, P a
graded ideal of R and N a graded submodule
of M. Then,

()
Anng(M)=(0:zM)={re R:rM =10} is a
graded ideal of R.

(it) (0:, P)={me M:mP =20} is a
graded submodule of M.

(iif)
Anng(N)=(0:z N)={re R:rN=0} is a
graded ideal of R.

Definition 2.13 [1] Let R be a
G —graded ring. A graded R —module M is said
to be a graded multiplication module if for
every graded submodule N of M, there exists a
graded ideal I of R such that N = IM.

3 Results and Discussion

Our starting point is the following
definition.

Definition 3.1 Let R be a G —graded
ring, M a graded R —module and S = h(R) a
multiplicatively closed subset of R. M is is said
to be a graded 5 —muiltiplication module if for
each graded submodule N of M, there exist
x € 5andagraded ideal F of R such that
xNE PME N

We define the graded ring R to be a
graded 5§ —multiplication ring if it is a graded
8§ —multiplication module over itself.

Remark 3.2
(i) One can easily see that a graded
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R —module M is a graded 5 —multiplication
module if and only if for each graded
submodule N of M, there exists x € 5 such
that xN S (N:y; M)M S N.

(ii) If S S h(R)is a multiplicatively
closed subset of R and M is a graded
R —module with Anng(M)N 5+ ¢, then M
is a graded 5 —multiplication module.

(iif) Every graded multiplication
module is also graded 5 —multiplication
module.

The converse is true only, when
5 < U(R), where U(R) denotes the set of all
unitsin R.

Now, we give an example of a graded
5 —multiplication module which is not graded
multiplication module.

Example 3.3 ConsiderR = Z, G = Z,,
R, =Zand R, = {0}. Then, R is a G —graded
ring. Let M be the graded Z — module,
M={a:a= ;11 +Z,m € h(Z),n = 0}, where

p is a prime number. Now, Ann; (M) = 0.
Thus, M is a graded faithful Z —module. Now,
lets={p=:teMU {0}}E h(Z)isa
multiplicatively closed set. One can see that all
graded proper submodules of M are of the
m

formT, ={a:a = oo + Z,m € h(E)} for
someny, € M) {0}. Assume thatn, = 1.
Then, (T, :z M) = 0 and thus
T, # (T, :zM)M = 0,. Thus, M is not graded
multiplication module. Now, take x = p™ € 5.
Then, one can easily see that
xT, =0& (T, :zM)MES T, . Thus, the
graded Z —module M is a graded faithful
5 —multiplication module.

We need the following Lemma.

Lemma 3.4 [7] Let R be a G —graded
ring, M be a graded R —module. Then, the
following assertions hold.

(i) If I and J are graded ideals of R,
thenI+ JandIn Jaregradedideals ofR.
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Proof. (i) Itis clear.
(if) If N is a graded submodule of M,

r € h(R),x € h(M)andI is a graded ideal of (i) Assume that M is a graded
R, then Rx, IN and rN are graded submodules § —multiplication module. Since § € §7, then
of M. the result follows from part (i). Conversely;
(iif) If N and K are graded assume that M is a graded 5™ —multiplication
submodules of M, then N + K and N n K are module and let N be a graded submodule of
also graded submodules of M and M. Then, there exists x £ 5" such that
(N:gM)={r€ R:vM S N}isagraded ideal xN € (N:z M)M. Choose r € h(R) with
of R. xr € §.Thus, (xr)N S (N:; M)M € N.
Therefore, M is a graded 5§ —multiplication
Now, we recall the following definition. module.
Definition 3.5 [10] Let R be a G — Now, we have the following notation.
graded ring, 5 < h(R) a multiplicatively closed
subset of R and M a graded R —module. Then, Notation:
571M is a graded 5§*R — module where, (i) Let R be a G —graded ring and P a
The ring of fraction is defined by: graded prime ideal of R. Then, 5 = h(R) — FP'is

(S7'R), = {— r € h(R),x € Sand g = &M@'ﬁéﬁ@'ﬁﬂ%ﬂdgﬁﬁbﬁ} and we denote
The quotient module M is thus defined by: the the graded rmg of fraction S™'R of R by
_ m d local_ring with unique

sy, =2 .me h(M),x € Sand Rp g5 81psd ofpcal rip
( ) { m € h(M),x e g = eglma rﬁal j\ we denote it

|deaI 5 F th
The saturation 5* ofs is deflned by: y PR
= {x € h(R):x divides s for some T:“I:j Thé&sdtdall graded prime ideals of

is a multlpllcatlvely closed subset of R R is dented by GSpec(R) and the set of all

containing 5. - graded maximal ideals of R is denoted by
Also, 5 is called a saturated GMax(R).

multiplicatively closed set if § = §7. Note that

5™ is always a saturated multiplicatively closed Theorem 3.7 Let R be a G —graded

set.

ring and M a graded R —module. Then, the
following assertions are equivalent.

Theorem 3.6 Let R be a G —graded (i) M is a graded multiplication

ring, 5 < h(R) a multiplicatively closed subset

module.
of R and M a graded R —module. Then, the
following assertions hold. (if) M is a graded
(i) Let 5, € h(R)and S, € h(R) be (h(R) — I') —multiplication module for each
two multiplicatively closed subsets of R with I € GSpec(R).
5§, € 5,.If M is a graded 5, —multiplication
module, then M is also a graded (iif) M is a graded
5, —multiplication module. (h(R) — L) —multiplication module for each
L € GMax(R).
(ii) M is a graded 5 —multiplication
module if and only if M is a graded (iv) M is a graded
5" —multiplication module. (h(R) — L) —multiplication module for each

L € GMax(R) with M, # 0,.

25



Dr. Mohammad Hamoda et al, Al-Agsa University Journal, Volume 25, Issue 1, January 2023

Proof. (i) = (ii) Assume that M is a
graded multiplication module and let
I € GSpec(R). Then, (h(R)—1)< h(R) is a
multiplicatively closed subset of B and thus M
is a graded (h(R)—I)—multiplication
module.

(ii) = (iii) Since every graded
maximal ideal is graded prime, then the result
follows from part (if}).

(iit) = (iv) Itis clear.

(iv)= (i) Let N be a graded
submodule of M. Now, let L be a graded
maximal ideal of R with M, = 0,. Since M is a
graded (h(R) — L) —multiplication module,
then there exists a € h(R)— L such that
aN € (N:x M)M. Thus,
N, = (aN), € ((N: M)M), € N,. If
M, = 0., then N, = ((N:g M)M),. Thus, we
have N, = ((N:z M)M), for each graded
maximal ideal L of R and thus N = (N:z M) M.
Therefore, M is a graded multiplication
module.

Theorem 3.8 Let R be a G —graded
ring, 5 < h(R) a multiplicatively closed subset
of R, M, and M, graded R —modules, and
y: M, — M, agraded R —homomorphisim
with rKer(y) = 0 for some r € 5. Then, the
following assertions hold.

(i) If yfr is a graded R —epimorphism
and M, is a graded 5 —multiplication module,
then M, is a graded S —multiplication module.

(if) If M, is a graded
5 —multiplication module, then M, is a graded
5 —multiplication module.

Proof. (i) Assume that M, is a graded
5 —multiplication module and let N, be a
graded submodule of M,. Then N, = ¢ ~1(N,)
is a graded submodule of M,. Now, M, is a
graded 5 —multiplication module, implies that

there exists TE § such that
xN, S (Nyj:g M, )M, S N,. Thus,
W(xNy) S Y((Ny:g My )My ) S P(Ny).  Thus,
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xN, = xp(Ny) © (Ny:g My )p(M,) = (Ny:g My )M, € N.

. Thus, xN, € (N,:zx M, )M, & N,. Therefore,
M, is a graded 5 —multiplication module.

(if) Let N, be a graded submodule of
M,.Asy(M,)is a graded S —multiplication
module, then there exist x £ S and a graded
ideal P of R with

x(Ny) € Py(M,) € P(N,). Thus,

xN, + Ker(y) & PM, + Ker(yr) & N, + Ker(y)

. Multiply by r and noting that rKer(y) = 0,
we have (xr)N, & (rP)M, & rN, & N,.
Therefore, M, is a graded 5 —multiplication
module.

Corollary 3.9 Let R be a G — graded
ring, S = h(R) a multiplicatively closed subset
of R, M a graded R —module and N a graded
submodule of M. Then, the following assertions
hold.

(i) If M is a graded 5 —multiplication
module, then M /N is a graded
5 —multiplication module.

(ii) If M /N is a graded
5 —multiplication module and *N = 0 for
somer € 5, then M is a graded
S —multiplication module.

Proof. Follows directly from Theorem
3.8.

Theorem 3.10 Let R be a G — graded
ring, S h(R)and T S h(R) multiplicatively
closed subsets of R. Let
S={{e TT'R:ix€ S}<S h(T"'R)bea
multiplicatively closed subsets of T " R. If M is
a graded 5 —multiplication R —module, then
T~1M is a graded 5 —multiplicaton
T~ R —module. Thus, if § S T*, then T M is
a graded multiplication T ~*R —module. Hence,
571M is a graded multiplication
571R —module.

Proof. Assume that M is a graded
S —multiplication B —module and let N be a
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graded T™'R —submodule of T~!M. Then,
N =T7!N, for some graded submodule N, of
M. As M is a graded 5 —multiplication
E —module, then there exist x € 5 and a
graded ideal P of R with xN, © PM S N,.
Then,

fw =T HxN)E(T'PY(T'M)S TN, =N

. Thus, T™'M is a graded E—multiplication
T 'R —module. If sc T then
5 C U(T™R). Therefore, T™'M is a graded
multiplication T™*R —module.

Recall that from [10] if R be a
G —graded ring and S h(R) be a
multiplicatively closed subset of R, then 5 is
said to satisfy the maximal multiple condition if
there exists x € 5 such that t divides x for
eacht € 5.

Corollary 3.11 Let R be a G —graded
ring, S = h(R) a multiplicatively closed subset
of R satisfying the maximal multiple condition
and M a graded R —module. Then M is a
graded 5 —multiplication module if and only if
571M is a graded multiplication SR —
module.

Proof. The first implication follows
directly from Theorem 3.10. For the converse,
assume that $7'M is a graded multiplication
57 R —module and let N be a graded
submodule of M. Now S7'M is a graded
multiplication S™'R — module implies that
STIN = (57'P)(57'M) = 51(PM) for some
a graded ideal P of R. Choose x € 5 such that
t divides x for each t € 5. Now, for each
me N h(M), we get
%E S7IN=5"1(PM). Thus, there exists
te 5 such that tme€& PM and thus,
xm € PM. Thus, xN S PM. On the other
hand, a similar argument shows that
xPM © N. Therefore, x*N S (xP)M S N.
Hence, M is a graded 5 —multiplication
module.
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Theorem 3.12 et R be a G — graded
ring, S = h(R) a multiplicatively closed subset
of R, M a graded S —muiltiplication R —module
and N a graded submodule of M. Then, N is a
graded 5 —prime submodule of M if and only if
(N:z M) is a graded 5 —prime ideal of R.

Proof. The first implication follows
directly from ([16], Proposition 2.6). For the
converse, assume that (N:; M) is a graded
5 —prime ideal of R. Thus, there exists x € §
such that whenever rm € (N:z M) for some
re h(R) and me€ h(M), then either
x1 € (N:g M) or xm € (N:z M). Moreover by
([16], Lemma 4.2), we have (N:zx) € (N:g x)
for all x € 5. Suppose that v € h(R) and
t € h(M) with yt € N and choose a € § with
aRt © (Rt:p M)M. For
r€ (Rt:g M) h(R), we have
yr € (N:g M); so xy € (N:zg M) or
xr € (N:g M). If xy € (N:z M), we are done.

So, assume that xre(N:zM) for all
r€ (Rt:p M) h(R). Then,
x(Rt:g M) & (N:g M). Thus,
x(Rt:; MM S (N:; M)M S N. Thus,

xaRt © N. Thus,
Hence, xt € N.

v E(N:igxa) € (N x).

Now, we
definition.

introduce the following

Definition 3.13 Let R be a G —graded
ring, S = h(R) a multiplicatively closed subset
of R and M a graded R —module. Then, M is
called a graded 5 —cyclic module if there exist
x € Sandm € h(M)withxM & Rm < M.
For a graded prime ideal Q of R, M is called
graded @ —cyclic if M is graded
(h(R) — @) —cyclic.

Theorem 3.14 et R be a G — graded
ring, 5 = h(R) a multiplicatively closed subset
of R and M a graded R —module. If M is a
graded § —cyclic module, then M is a graded
S —multiplication module.
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Proof. Assume that M is a graded
8§ —cyclic R —module. Then, there exist x € §
and m € h(M) with xM S Rm < M. let N
be a graded submodule of M. Then,
xNE xM S Rm and thus, xN = PRm for
some ideal = of E. Thus,
x*N =xPRm S xPMZS PRm=xNC N.
Now, x* € § and xP is a graded ideal of R.
Thus, M is a graded 5§ —multiplication module.

Theorem 3.15 Let R be a G — graded
ring, @ a graded prime ideal of R and M a
graded R —module with M, #+ 0. If M is a
graded (Q N h(R))—multiplicaton module,
then M is a graded (@ N h({R)) —cyclic.

Proof. Assume that M is a graded
(@M h(R)) —multiplication module with
M, # 0,. Then, by Theorem 3.10, M, is a
graded R, —multiplication module. Thus, M, is
a graded cyclic module. Hence, @,M, #+ M,.

Choose mgy € h(M) with R,m,  0,M,.
Now, M is graded
(@N  h(R))—multiplication module implies

that there exist x € h(R) — @ and a graded
ideal P of R with xRmy; & PM & Rm,. Also,
we have PZ @. For if PSS @, then
(Rmg)o = (xRmy)g & PoMy € QoM,, 2
contradiction. Choose ¥y € P[1 h(R)—@.
Then, vM S PM S Rmg,. Therefore, M is
graded (@ N h(R)) —cyclic.

Corollary 3.16 Let R be a G —graded
ring and M a graded R —module. Then, M is a
graded multiplication module if and only if for
eachL € GMax(R) withM;, = 0,, M is

(LM h(R)) —cyclic.

Proof. M is graded multiplication
module if and only if M is graded
(LM h(R)) —multiplication module for each

L € GMax(R) with M, = 0,. But for M, = 0,

M is graded (LM A(R))—multiplication
module if and only if M is graded
(LN h(R)) —cyclic.
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Theorem 3.17 Let R be a G — graded
ring, L a graded maximal ideal of R. A graded
finitely generated R —module M is graded
(LN h(R)) —cyclic ifand only if M, is
graded cyclic.

Proof. The first inclusion is clear since it
holds for any graded R —module. For the
converse, assume that M is graded finitely
generated R —module such that M; is graded
cyclic. Then, M; = R;m for some m € h(M).
Since M is graded finitely generated, then
there exists x € h(R) — L with xM & Rm.
Thus, M is graded (L1 h(R)) —cyclic.

Theorem 3.18 Let R be a G — graded
ring and M a graded R —module. Then, M is a
graded (L1  h(R)) —cyclic module for each
L € GMax(R) if and only if M is a graded
finitely generated multiplication module.

Proof. Assume that M is a graded
(LN h(R)) —cyclic module for each graded
maximal ideal L of R. Then, M is a graded
multiplication module. Now, for each graded
maximal ideal L, choose x; € h(R) — L, and
m; € h(M) such that x,M S Rm,. Note that
({x;:x; € h(R) —L,}))=R and thus there
exist iy,i5,..., 1, with (x; ,...,x; ) = R. Thus,
M=RM= (x;,....%; JME x; M+...+x; M
. Thus, M = Rm; +...+Rm,_is graded finitely
generated module. Conversely; assume that M
is a graded finitely generated multiplication
module. For each graded maximal ideal L of R,
we have M; is graded cyclic and thus M is
graded L — cyclic.

Now, we recall the following definition.

Definition 3.19 [7] Let R bea G —
graded ring, M a graded R —module and
N,N,.N,,...,N, graded submodules of M.
Then, the covering N © U}‘zl N;is called
efficient if for each k € {1,2,...,n}, we have
NZU, . N.

Rm,; -
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The following result is the graded
5§ —version of the Prime Avoidance Lemma for
graded § —multiplication modules.

Theorem 3.20 Let R be a G —graded
ring, S = h(R) a multiplicatively closed subset
of R, M a graded 5§ —multiplication module and
N,N,,N,,...,N, graded submodules of M such
that N < U%_, N; and at least (n — 2) of the
graded submodules N,,..., N, are graded
5 —prime. Then, there exists x € 5 with
xN © N, forsomej € {1,...,n}.

Proof. If n =1, we are done. If n = 2,
also we are done sinceif N & N, U N,, then
N S N, or NS N,. Now, assume that n = 3
and suppose the result is true for all graded
submodules N and covers of N by at most n
graded submodules with at least (n —2) of
them being graded 5 —prime. Assume that
NCSUMIN. We may assume that
NZU._.,.N, for each k€{1,2,...,n+1}.
Case (1): Suppose that there exist distinct
k,re{l2,..,n+1} such that
%y (Ny:g M) S (N,:g M) for some x; € 5. M is
graded § —multiplication modules implies that
there exists x, € 5 with x,N, © (N,:g M)M.
Thus, for x=x,x,€ S5, we have

xN, = x,(x, N, )€ x (N g MM E (N, MM S N

. Thus, xN € U7} xN; € U,., N,. Thus, by
induction, there exists x;€ S5  with
x3(xN) S N; for some j. Thus, for
X = x,%,%; € 5, we have xN € N;. Case (2):
Suppose that for each distinct
k,r€{1,...,n+1} and for each x € §, we
have x(N,:z M) € (N,:zM). Suppose there
does not exist x € 5§ with xN S N, for some j.
Thus, since M is a graded 5 —multiplication
module, we have x(N:z M) & (N;:z M) for any
x € 5. Since n = 3, then some N; is graded
8§ —prime which without loss of generality, we
may take to be Note that
(N,:1:g M) 5=¢ by ([16], Proposition
2.9), we have (N, . :z M) is graded 5 —prime

N:lz+1'
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ideal. Claim that N1 (MN}=y N;) € N,4,. To
prove the claim, let ¥ € N (Njz; N;).
Since the covering is efficient, then there exists
te (NN h(M))—(Uj=y N;), so t € N,,,.
Now, y+t€ N, so y+te U} N, If
v+t € N, for some j with 1< j =< n, then
t=(y+t)—y € N, a contradiction. Thus,

y+te N, .,. But, then
y=(y+t)—t € N, .Thus,
NN (Nfzy N E Ny Thus,

(N:z M) l_[;-!:1 [N}-:R M)c (NzxM)N
. Since (N, :z M) is a graded 5 —prime ideal,
by ([16], Corollary 2.6), then there exists x € §
with X(N:g M) S (N, :g M) or
x(Nj:g M) S (N, :5 M) for some
j €{1,2,...,n}, a contradiction.

Theorem 3.21 Let R be a G —graded
ring, S = h(R) a multiplicatively closed subset
of R satisfying the maximal multiple condition
and M a graded R —module. Then, M is a
graded 5 —muiltiplication module if and only if
for each graded cyclic submodule Rm of M,
where m € h(M), there existx € Sanda
graded ideal P of R with xRm & PM & Rm.

Proof. The "only if" part is clear. For the
converse, assume that for each graded cyclic
Submodule Bm of M, there exist x € 5 and a
graded ideal P of R with xBm & PM & Rm.
Now, take a graded submodule L of M.
Suppose L = Eml__ﬂ_rﬂ noy Rm;. Thus, by
assumption, there exists x; € 5§ such that
x;Rm; © (Rmy:g M)M. Thus,
xRm; © (Rmzz M)M and thus

xL = xzml.-EL-l"' hiM) an_;l' = Z?J‘II-'EL-P Ri{M) IR]‘?’E‘,}-

c meE LN k(M) [RJ‘H}-:R M]M = [meE L0 R(M)

and thus xL € (L:z M)M < L. Therefore, M is
a graded § —multiplication module.

Corollary 3.22 Let R be a G —graded
ring and M a graded R —module. Then, M is a

(N7=1 (Njiz M))
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graded multiplication module if and only if for
each m € h(M), we have Rm = PM for some
graded ideal P of R.

Proof. Follows directly from Theorem
3.21 by taking § = {1;}.

Recall the following definition.

Definition 3.23 [10] Let R be a
G —graded ring, 5 € h(R) a multiplicatively
closed subset of R and M a graded B —module.
A graded submodule N of M is said to be a
graded 5 —finite submodule if there exists a
finitely generated graded submodule L of M
such that xN € L N forsome x € 5. Also,
M is said to be a graded 5 —Noetherian module
if each graded submodule is graded 5 —finite.
In particular, R is said to be a graded
5 —Noetherian ring if it is a graded
5 —Noetherian R —module.

Theorem 3.24 Let R be a G —graded
ring, 5 © h(R) a multiplicatively closed subset
of R and M a graded S —Noetherian
R —module. Then, M is a graded
S —multiplication module if and only if for each
graded cyclic submodule Rm of M, where
m € h(M), there exist x € 5 and a graded
ideal P of R with xRm & PM & Rm.

Proof. The "only if" part is clear. For the
converse, assume that M is a graded
5 —Noetherian R —module and for each
graded cyclic submodule Rm of M, there exist
x€ 5 and a graded ideal P of R with
xRm S PM S Em. Now, take a graded
submodule L of M. Since M is a graded
5 —Noetherian R —module, then there exist

xE 5 and a graded finitely generated
submodule N =XT_, Rm; such that
xLS NS L, where m;€ h(M). By

hypothesis, there exists x_,.E 5 such that
x,Rm; S (Rmg:g M)M. Now, put

X =X, X;...x, and x = xx. Then, x € § and
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EREE (Rm:z M)M. Thus,

XL € XN € X%, ¥Rm, € I, (Rm,iz M)M S (T, R

and thus xL € (L:z M)M. Therefore, M is a
graded § —multiplication module.

Theorem 3.25 Let R be a G —graded
ring, 5 < h(R) a multiplicatively closed subset
of R, M a graded 5 —muiltiplication R —module
and L a graded 5 —finite submodule of M.
Then, there exist x € S and a graded finitely
generated ideal P of R withxL © PM C L.

Proof. Assume that M is a graded
5 —multiplication R —module and L is a graded
5 —finite submodule of M. Then, there exist
xy,%X, € 5 and a graded finitely generated
submodule N =XT_, Rm; such  that
x, LS (Liy MM S L and
x, L EXF, Rm; € L.Putx = x,x, € S, then
xL € (L:g M)M and also xL S X7-) Rm; S L.

Thus, for each 1= j< n, we have
xm; € (L:g M)M and thus
xm; =r; m; +...rm; for some
m;, € h(M) and r;, € (L:ig M) h(R). Put

x=x> and consider the graded finitely

generated ideal P = X7, ¥ Rr; of R. Thus,
PMC (Liy M)MC L Llet me LN h(M).
Then, xm € xL S Z?:l RH}. and o)
xm = x,my+...+x,m, for some x; € h(R)

ad thus,

xm = x*m= x(xm) = x(x,m;+... +x,m,) = x,xm, 4
xy(n omy .4y my )+ xg(n, m, o, my, )

and thus, xm € PM.

¥xLC PMC L.

Therefore,

Corollary 3.26 Let R be a G —graded
ring, M a graded multiplication module and L a
graded finitely generated submodule of M.
Then, L = PM for some graded finitely
generated ideal P of R.

Proof. Let 5= {1;}. Then, M is a
graded § —multiplication module and L is a
graded 5 —finite submodule. Now, the result
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follows from Theorem 3.25.

Theorem 3.27 Let R be a G —graded
5 —Noetherian ring, where 5 = h(R)a
multiplicatively closed subset of R and M a
graded 5 —finite R —module. If M is a graded
S —multiplication module, then M is a graded
5 —Noetherian module.

Proof. Assume that R is a graded
5 —Noetherian ring and M is a graded
5 —multiplication module which is graded
8§ —finite submodule. Let L be graded
submodule of M. Since R is a  —graded
5 —Noetherian ring, then there exist
Xqee X, E(L:ig M) h(R) such  that
x(L:x M) h(R) € Z?:l Rx;. As M s
graded § —multiplication module, then there
exists x € § with xL € (L:z M)M. Since M is
graded S —finite, then there exist
my,...,m. € h(M) and XE S with
xM C 23721 Rm; Now, put x* =xxx€E S.
Then, we have

X LS (x(LxM) N h(R))EM) € (T2, Rx,)(Tiet B0

. Also note that x,m; € L. Thus, L is a graded
§ —finite and hence M is a graded
5 —Noetherian module.

Let R, and R, be G —graded rings. As
in [8], R=R, X R, is a G —graded ring with
R, =(Ry), % (Ry),forallg € G.Let M, bea
G —graded R, —module, M, be a G —graded
R, —module and R =R, X R,. Then
M =M, x M,isaG —graded R —module with
M, = (M), % (M;), for all g € G. Also, if
5, € h(R,) is a multiplicatively closed subset
of R, and 5, & h(R,) is a multiplicatively
closed subset of R,, then 5=5,x 5, is a
multiplicatively  closed  subset of R.
Furthermore, each graded submodule of M is
of the form N =N, X N,, where N, is a
graded submodule of M, for j = 1, 2.

Theorem 3.28 Let R, be a G —graded

ring, M; a graded R; module and 5; < h(R;)a
multiplicatively closed subset of R; for each

j € {1,2}. Suppose that M = M, x M, bea
graded R = R, X R, —module and

5 =5, X 5, be a multiplicatively closed subset
of R. If M is a graded 5 —multiplication

R —module, then M, is a graded

S, —multiplication R, —modue and M, is a
graded 5, —multiplication R, —modue.

Proof. Assume that M is a graded
5 —multiplication R —module. Without loss of
generality we will show that M, is a graded
5, —multiplication R, —modue. Let K, be a
graded submodule of M,. Then, K, x {0} is a
graded submodule of M. Since M is a graded
§ —multiplication R —module, then there exist
x = (x,%x,) € 5, X 5, such that
(24, %) (K; X {0}) & (K, X {0}:5 M))M.
Thus, x,K, € (K;:z M,)M,. Thus, M, is a
graded 5, —multiplication R, —modue.

Theorem 3.29 Let R, be a G —graded
. agraded R. — module and 5; S h(R;)
a muitiplicatively Gidsed’subset of R, for each
j€{1,2,...,n}. Suppose that

M=M, X M, X...X M_ beagraded

R =R, X R, X...X R, —module and
5=5,X 5, X...X 5§, amultiplicatively closed
subset of R. If M is a graded § —multiplication
R —module, then M, is a graded

S; —multiplication R; —modue for each
je{lL2,...,nkL

Proof. Use induction on .
4 Conclusion

Here, we represented a new form of
the theory of graded rings. We constructed
more accurate results and concepts regarding
generalizations of graded multiplication
modules. We investigated the relations
between graded 5 —multiplication modules
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and graded § —cyclic modules. Furthermore,
we proved if M is a graded § —multiplication
module, then M is a graded 5§ —Noetherian
module. We can generalize the notion of
graded § —multiplication modules to the
notion of graded 5 —multiplication
2 —absorbing modules in the next work.
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